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The Arbelosin n-Aliquot Parts

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the classical arbelos to the case divided into many
chambers by semicircles and construct embedded patterns of such arbelos.

1. Introduction and preliminaries

Let {«, B, v} be an arbelos, that isy, 5, v are semicircles whose centers
are collinear and erected on the same side of this kneg are tangent exter-
nally, and~ touchesa: and 3 internally. In this paper we generalize results on the
Archimedean circles of the arbelos. We take the line passing through the centers
of «, 3, ~ as thex-axis and the line passing through the tangent pGif « and
(6 and perpendicular to the-axis as they-axis. Letoy = «, aq,...,a, = (3 be
n + 1 distinct semicircles touching andg at O, whereqy, ..., a,,_1 are erected
on the same side as and 3, and intersect withy. One of them may be the line
perpendicular to the-axis (i.e. y-axis). If then inscribed circles in the curvilin-
ear triangles bounded hy, 1, «;, v are congruent we call this configuration of
semicircles{oy = o, ay,...,a, = (, 7} an arbelos im-aliquot parts, and the
inscribed circles the Archimedean circlegiraliquot parts. In this paper we calcu-
late the radii of the Archimedean circlesrnraliquot parts and construct embedded
patterns of arbelos in aliquot parts.

Q2

Figure 1. The case = 3

For the arbeloq«, 3, v} we denote byb(«, 3,) the family of semicircles
throughO, having the common point with in the regiony > 0 and with centers
on thez-axis, together with the line perpendicular to thexis atO. Renaming
if necessary we assumein the regionz > 0. Leta, b be the radii ofx, 8. The
semicircley meets thes-axis at—2b and2a.

For a semicircley;, € ®(a, 3,7), leta; be thez-coordinate of its center. Define
u(ay;) as follows.
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If a # 0,
ai—a—l—b

plai) = i
1, if o is the line.

if o; is a semi-circle,

)

If a =b,

i, if «; Is a semi-circle,
mlow) = @i _ _
0, if a;istheline.
In both cases(«;) depends only on; and the center of, but not on the radius
of v. Fora;, o € ®(a, 3,7), the equalityu(cs;) = p(e;) holds if and only if
a; = a;. Foranya; € ®(a, 3,7),

Y= () > o) > u(p) = Lifa <,

L) > o) 2 n() = ~Lita=b,

Y (o) < plas) < plB) = Lifa> b
Foro;, o € ®(a, 3,7), define the order

plos) > ulay) ifa<b,

. < a; ifand only if :
i < g frandonyt {u(ai) < p(aj) otherwise

This means thaty; is nearer tax thanc; is. Throughout this paper we shall
adopt these notations and assumptions.

2. Anarbelosin aliquot parts

Lemma 1. If o; and «; are semicirclesin ®(«, 3, ) with o; < «;, the radius of
the inscribed circlein the curvilinear triangle bounded by o;, «; and - is

ab(a; — a;)

a;aj; —aa; +ba;

Proof. LetC be the inscribed circle with radius First we invert{c;, o, v, C}
in the circle with cente and radiusk. Thenq; ando; are inverted to the lines
o; anday; perpendicular to the-axis ,+ is inverted to the semicircie erected on
the z-axis andC is inverted to the circl&€ tangent toy externally. We write the
x-coordinates of the intersections@f @; and¥y with the z-axis ass, t andp, g
with ¢ < p. Thent < s sinceq; < a;.

By the definition of inversion we have

k2 k2 k2 k2

2a; 7" " 20,07 T 24717 T @)

S
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c
7
q t s P
Figure 2
. . - s+t s—t
Since ther-coordinates of the center and the radiug aire 5 and 5 and
those ofy are” T4 and?= 9 \we have

2
s+t p-l—q2 s—t p—q2
_F v P=—-L 2 1
(7 -2) = ()

whered is they-coordinate of the center ¢f. From this,

st—sp—tq+pg+d>=0. (2)
SinceO is outsideC, we have
B k2 s—t k2 s—t
G +@ (5071 2 (7@ ()" 2
2 2 2 2
By using (1) and (2) we get the conclusion. O

Lemma?2. If a; (resp. «;) istheline, then the radius of the inscribed circleis

—ab ab

- a(resp. pro b).
Proof. Even in this case (2) in the proof of Lemma 1 holds with= 0 (resp.
t = 0), and we get the conclusion. O

Theorem 3. Assumea # b, and let o, a; € ®(a, 3,7) with a; < ;. Theradius
of the circle inscribed in the curvilinear triangle bounded by o;, a; and « is

ab(p(ai) — p(ay))
bu(o) — ap(ay)
Proof. If ; anda; are semicircles, then
a;—a+b aj—a+bd
ab(ju(e) — pula)) _ “ ( @ q )

bu(a;) — ap(oy) b-ai_a—I_b—a-aj_a—i_b - a;a; — aa; +ba;

a; 7

ab(a; — a;)
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Hence the theorem follows from Lemma 1. If onef «; is the line, the result
follows from Lemma 2. O

Similarly we have

Theorem 4. Assumea = b, and let oy, a; € ®(a, B,7) wWith o < ;. Theradius
of the circle inscribed in the curvilinear triangle bounded by o;, a; and «y is

a?(u(ay) — p(ey))
alulag) — plaa)) — 1

_ 2
ab(l — z) x)’ a # bandz — a7
b—ax ar — 1

The functionsy —
Therefore, we have

,a > 0 are injective.

Corollary 5. Let ag, aq,...,a, € ®(a, B, y) Withay < a1 < -+ < ay.
The circles inscribed in the curvilinear triangle bounded by o;_1, «; and ~y (i =
1,2,...n) areall congruent if and only if p(ap), p(aq),. .., p(ay,) isageometric
sequence if a # b, or an arithmetic sequence if a = .

Theorem 6. Let {ay = o, a1,...,a, = (3, v} bean arbelos in n-aliquot parts.
The common radius of the Archimedean circles in n-aliquot partsis

ab (b% — a%>

e Ta#b
n — an

2 .

f2, ifa="o.
n

Proof. First we consider the cage# b. We can assumey < a1 < --- < ay
L b a .

by renaming if necessary. The sequerce- u(ap), p(ai),...,pulan) = 7 is

a geometric sequence by Corollary 5. If we write its common ratid, age have

2

4_ dn <é> and thend = (%) " By Theorem 3 the radius of the Archimedean

b a
circle is
a % 2 2
ab(1—d) ab <1 - (6) > _ab (bZ —aﬁ)
b—ad aNe  pE+l_ A4
b-a(3)
Similarly we can get the second assertion. O

Note that the second assertion is the limiting case of the first assertion when
b— a.

Theorem 7. Let {ap = «, a1,...,a, = (3, v} bean arbelos in n-aliquot parts

withag < a1 < --- < ay,. Then o isthelinein ®(a, 3,) if nisevenand i = 3.
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Otherwise it isa semicircle with radius

Z_g
nHa—10b .
ﬁ, ifa #b,
an~t—bu-
na
ifa =0.
n—2i|’ “

b . .

Proof. Suppose: # b. Slncea = p(ap), plan),...,wlay) = % is a geometric
. a\ = aNZ (b ay Z-1
sequence with common rat(ol;) , we haveu(a;) = (3> (E) = (Z) .
If nis even and = g thenu(o;) = 1 anda; is the line. Otherwiseu(a;) # 1

andq; is a semicircle. Let; be thex-coordinate of its center. The radius @fis

|a;] andw _ <9>%_1. From this,a; = %

The proof ;or the case = b is similar. oo O
3. Embedded patterns of the arbelos

Let{ag = «, a1,...,a, = (3, v} be an arbelos im-aliquot parts withng <

ay < --- < a,. There exists a semicirckg which is tangent to all Archimedean
circles externally. It is clearly concentric ta (If n = 1 we will take for+ the
semicircle concentric te and tangent to the Archimedean circle externally). Let
o/, ' be two semicircles iy > 0, tangent tay;s at O and also tangent t¢/. We
takec’ in the regionz > 0 and/ in the regionz < 0. Letd’ andd’ be the radii of

o/ andf’ respectively. Clearly/, 3’ are tangent externally &, and+ intersects
the z-axis at—20 and 24/, and ®(«, 3,v) C ®(</,5,7'). Moreover, for any

a; € ®(a,5,7), u(ay) considered inb(a, 3, ) is equal tou(c;) considered in
®(a/, #,4") since the centers of and+ coincide.

a\" a2
Lemma8. (a)lfa # b, (F) = (3)
a’ a

Proof. If a # b we have

2 2
2 .2 2
I Gt B O’
a =a—- 2 = T2 2 )
az“rl _ b;“rl a;"rl _ b;“rl
2 2
n — bn 2
ab (an bn) anrl (a—b)
2 2 ) 2
antl —patl  gatl _patl

W=b—

)

by the definitions ofZ’ and®’. Then the the first assertion follows. The second
assertion follows similarly. O

Theorem 9. {&/, a9, 1, ..., an, 5,7} isanarbelosin (n + 2)-aliquot parts.
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Proof. Let us assume # b. By Lemma 8 and the proof of Theorem 6(«y),

" niz
w(ar), ..., u(ay) is a geometric sequence with common r{ti%) . Also by
Lemma 8 we have

plav) _ba (VYT (a7
we!) abtl  \d v\ ’

(B db o /(b a =5
wlan)  Va U \d T\ '

The case: = b follows similarly. O

and

Let{«, 3, v} be an arbelos and all the semicircles be constructgdr) such
that the diameters lie on theaxis. Leta_; = «, a7 = S andvy; = . If there
exists an arbelos i(2n — 1)-aliquot parts{a,, Q_(n—1)y =+ s Q—1, O, « o, Oy,
Yon-1} With a_, < a_(p_1) < -+» < a_1 < aj < -+ < ay, we shall construct
an arbelos if(2n + 1)-aliquot parts as follows.

Letv2,41 be the semicircle concentric tpand tangent externally to all Archi-
medean circles of the above arbelos. This meetscthgis at two points one of
which is in the regionz > 0 and the other it < 0. We write the semicircle
passing througtO and the former point as_, ;) and the semicircle passing
throughO and the latter point as, ;. Then {a_(n+1), Oy ey O],y Oy o nny
Qn+1, Y2n+1} IS @n arbelos in{2n + 1)-aliquot parts by Theorem 9. Now we get
the set of semicircles

{"'7a—(n+1)7a—nv'--7a—17a17---705n7an+17"'717737"'7’7271—1"'}7

where{a_,, ...,a_1, a1, ..., an, y2n—1} form the arbelos if2n — 1)-aliquot
parts for any positive integet. We shall call the above configuration todd
pattern.

Theorem 10. Let 6,1 be one of the Archimedean circlesin
{Oéan a—(n—l)) e, 01, O1,...,0p 772n71}~
Then theradii of o_,, and o, are
a2n—1(a o b) b2n—1(a o b)
o1 gt A
and the radii of 4,1 and 45,1 are respectively

(a2n71 + b2n71)(a _ b) and a2n71b2n71(a _ b)(a2 _ b2)
a2n—1 _ b2n—1 (a2n—1 _ b2n—1)(a2n+1 _ b2n+1) :

Proof. Leta_,, anda, be the radii ofo_,, anda, respectively. By Lemma 8 we

have
——\ ToT a_(n—1) ﬁ a—1
(aj> :(M> e (3)
(7% an—1 a1 b
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Sincevs, 1 and~ are concentric, we have
a,—a,=a—b. (4)
By (3) and (4) we have
a’*"1(a —b)
N T a1 _ p2n—1°
b2n71(a _ b)
a2n71 _ b2n71 :

g
I

It follows that the radius ofy,,_1 is

(a2n71 + anfl)(a _ b)
a2n—1 _ p2n—1 )

@+ a, =

and that ofy,,,_1 is
(a2n—1 + b2n—1)(a o b) (a2n+1 + b2n+1)(a o b)

a2n—1 _ b2n—1 a?n—‘,—l _ b2n+1

_ a2n—1b2n—1(a _ b)(a2 _ b2)
- (a2”*1 _ anfl)(GQTlﬁ’l _ b2n+1) :

O
As in the odd case, we can construct den pattern of arbelos

{”'67(7%%1)7 ﬁ*na sy ﬁ*lu ﬁ(]u ﬁl? ey /Bna ﬁnJrl? <y Y25 Y4, 7’7/271}

inductively by starting with an arbelos aliquot parts{3.-1, 5o, 51,72}, where

/6—1 = qQ, ﬁl = ﬁ and72 =7 By Theorem 9{5—7’“ R 75—17 ﬁ()v /617 cee 7/67177271}
forms an arbelos iRn-aliquot parts for any positive integer, and (3 is the line
by Theorem 7. Analogous to Theorem 10 we have

Theorem 11. Let 65, be one of the Archimedean circlesin

{5—717 /67(7171)7 vee 7/6—17 ﬁ()v ﬁlv v 7/671 77271}'

Theradii of 5_,, and 3,, are
a"(a —b) b"(a —b)
an” — hn and a™ — hn ’

and the radii of 1y,, and d,,, are respectively

n n o nin _1\2

(@ 4+0")(a—0) and a™b™(a — b) '
a — pn (an _ bn)(anJrl _ anrl)

Corollary 12. Let ¢, and d,, be the radii of ~,, and §,, respecgtively.

an =bon—1,
a—n :b—(2n—1)7
Can—1 =C2(2n—1)>
dop—1 =dan—a + dap,.

Figure 3 shows the even pattern together with the odd pattern reflected in the
z-axis. The trivial case of these patterns can be found in [2].
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Figure 3

4. Some Applications
We give two applications here, with the same notations §8.in

Theorem 13. The external common tangent of &, and 5_,, touches ~,, for any
positive integer n.
Proof. The distance between the external common tangenisafid3_,, and the

—2 —2
n

b b_n — — N
center ofyy, is b_+7_ whereb,, and b_,, are the radii of3, and5_,,. By

(0= b)(a? + b2
i a2n — p2n

Theorem 14. Let BK,, be the circle orthogonal to «, 8 and &,,_1, and let AR,
be the inscribed circle of the curvilinear triangle bounded by 4,, Gy and ~,,. The
circles BK,, and AR,, are congruent for every natural number n.

Theorem 11 this is equal

, the radius ofyy,. O

Proof. Assumea # b. SinceAR,, is the Archimedean circle of the arbelos in
2-aliquot parts{5_,,, Bo, Bn, 72n}, the radius ofAR,, is
by b (bn —b_n) _ a""(a —b)
72 _p 2 ~ g2 _p2n
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by Theorem 6 and Theorem 11.

On the other handK,, is the inscribed circle of the triangle bounded by the
three centers ofy, 3, d2,_1. Since the length of three sides of the triangle are
a+ dop—1,b+ dop—1,a + b, the radius oBK,, is

abdap,—1  a™b"(a —D)
a+b+dop_1q g2 —p2n

by Theorem 10. O

This theorem is a generalization of Bankoff circle [1]. Bankoff’s third circle
corresponds to the cagse= 1 in this theorem.
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